SOLUCIONARI Unitat 5

Comencem

Escriu I’expressio algébrica de cinc funcions
que tinguin per derivada la funcié f{x) = 2x + 3.

Resposta oberta. Per exemple:
Fi(x)=x2+3x; F)(x) =x2+ 3x + 1;

Fa(x) = X2 + 3x + 10; F,(x) = X2 + 3x = V-2 ;
Fs(x)=x2+3x—mn

Se sap que la derivada d’una funcié G(x) és
g(x) = ex. Si la grafica de la funcio G(x) passa
pel punt (0,3), quina de les funcions se-
glents és G(x)?

a) G(x)=ex+3 b)G(x)=ex+2c) G(x)=ex—3
G(x) =ex+ 3, jaque G(0)=3.

Escriu I’equacio de tres funcions que tinguin

per derivada la funcié f(x) = 2. Representa-

les graficament i comprova que pots obtenir

la grafica de cadascuna d’aquestes funcions

per translacié d’una qualsevol de les altres
dues.

Resposta oberta. Per exemple:
Fi(x) = 2x; Fy(x) = 2x + 3; F5(x) = 2x — 2;
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Figura 5.1
El vector v = (0, 3) permet passar de la grafica
de F,(x) a la de F,(x), i el vector —\7, de la grafi-

ca F,(x) a la de F,(x). El vector w = (0, -2) tras-
llada la grafica de F,(x) a la de F4(x), i el vector

—W, la grafica de F;(x) a F,(x). Finalment, el
vector f = (0, =5), permet passar de la grafica

de F,(x) a la de F;(x), e el vector —?, de la grafi-
ca de F;(x) a la de F,(x).

Exercicis

. Escriu I’expressio general de les primitives

de cadascuna de les funcions segiients:
a) fix) = 3x2

F(x)=x3+C

b) g(x) =sin x
G(x)=-cosx+C

c) h(x)=-5

H(x)=-5x+C

1

d) ix) =

Ix)=Inx+C

. Determina la funcié primitiva de la funcio:

f(x) = cos x

la grafica de la qual passi pel punt de coor-
denades .

F(x)=sinx+ C
F[gj =4—>4=sing +C>4=1+C>C=3

F(x)=sinx+3

. Se sap que la funcio:

2

F =

és una primitiva de la funcié f(x). Quina és

la funcié f(x)?

C2x(X* -1 -(x?+1)-2x  -4x
(x* =1)? (x*-1)°

f(x)=F'(x)

. Comprova que totes les primitives de la

funcioé fix) = In x son del tipus F(x) = x (In x
-1)+C.

F'X)=Inx—-1+x =lnx+1-1=Inx=1(x)

x| o

. Si G, i G, s6n dues primitives d’una mateixa

funcié g, es poden tallar els seus grafics?
Dibuixa la grafica de la funcié G, sabent
que passa pel punt (0, —4) si la grafica de la
funcioé G, és el de la figura 5.4.
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Fig. 5.2

No es poden tallar, ja que les expressions al-
gebraiques de les funcions G,(x) i G,(x) només

es diferencien en una constant.

6. Calcula la derivada de les funcions se-
giients i escriu-ne després les correspo-
nents integrals indefinides:

a) fix)=tg x

1
cos? x
I(1+tgzx)dx =tgx +C

f'(x)= =1+1tg°x — Iﬁdx:

b) g(x) =23x*5
g'(x)=2"""3In2 > [2%*%BIn2dx =2%°+C

x2

0 h(x)=——

h(x): ( 2_4)2 (X2_4)2_)
j 2_8X ~dx=——+C
(x*—-4) X -4
d) i(x)=In2x
P'(x) = 2Inx . = 2InX jz'ﬂdx In2x +C

7. Troba la derivada de les funcions segiients:
a) fix) = [x 3xdx
f'(x) = x3x
b) g(x) = Jcos? x dx
g'(x) = cos? x
c) h(x) = [(tg x - In x) dx
h'(x)=tgx—Inx
d) i(x) = [x2 ex dx

i'(x) = x2 ex

8. Un mobil recorre una trajectoria rectilinia
amb una acceleracio constant de 2 m/s2. Se
sap que en el moment de comencar a
comptar el temps, v(0) =3 m/s i s(0) =-5 m.

Troba les expressions de les funcions v =
v(f) i s = s(f) corresponents al seu movi-
ment.

Cal que recordis:

derivant derivant

s =s(f)—>v=yv(t)——"> a= a(t)
v(t)= [2dt =2t +C
v(0)=3m/s >3=2:0+C—>C=3m/s
v(t)=2t+3 m/s

= _[(2t+3)dt:t2+3t+C'

s0)=-5m—>-5=02+30+C—>C =-5m
s(H=t2+3t-5m

9. Comprova que les derivades de les fun-
cions segiients:

n+1 X

+1,ne]R,n¢—1|G(x)=|na

F(x) =

son, respectivament, fix) = x" i g(x) =

FiX) = (n+1x" = X" =£(x)

G'(x):é a*-lna=a*=g(x)
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10.

11.

12.

13.

Troba [x-! dx.
Ix’1dx = Ildx =In|x|+C
X

Calcula les primitives segiients:
1
a) '[Fdx

1 B x? -1
IFdXZjX 4dx=_—3+C:W+C
b) [Ux*dx
o - -2 v0 AT
_[xdx=_[x dx=7/—4+ =7 X'+

c) Igdx
X

3 112 -2/ 3
j£)2(dx = jx—zdx = jx‘mdx =X = 3
X X =213 23/x?
—dx
d) [

4 x 3\X
~_dx = j(gj dx = (4)3 +C

Determina la primitiva de la funcié f{x) =1 +
tg?2 x la grafica de la qual conté el punt

(E,3J .
4
F(x)= J(1 +1tg°x)dx =tgx +C

F(§j=3—>3:tg§+c —53=1+C >C =2

F(x)=tgx +2

Calcula:

a) IZX\/1 +x%dx

[2xs1 xax = [2x(1+ x2) 2alx =

:(1+x2)%
%

b) [sin x cos2 x dx

+C =% (1+x*)P* +C

cos® x

+C

I— sinxcos? xdx =

14.

15.

arc tgx
c) I—d1+x2 Ix
2
Iarctgzxdxz Iarctgx- 1 2:(arctgx )+C
1+ x 1+ X 2
1
dx
_ -1
| 1 2dx:f(x—3)’2dx:u+0:
(x=3) —1
_ +C
x-3
2x +1
————dx
¢) -[x2+x—10
122)(—+1dx:lnx2+x—10 +C
x“+x-10
2sinxcos x
N -[ 1+sin’ x
jwdx —In(1+sin?x)+C
1+sin” x

Troba la primitiva de la funcié f(x) = sin x
cos x la grafica de la qual passa pel punt

%)

F(x) = [sinxcos xdx =

sin? x

+C

15 15 Sinz(g]
FIZ|=252-_ 2/ c
2)" 2727 2

—>1—5:1+C—>C:7
2 2

sin? x

F(x) = +7

Justifica el motiu pel qual podem afirmar
que no hi ha cap primitiva de la funcié f(x) =

1
m que presenti maxims ni minims re-
latius en el seu domini.
Sigui F(x) una primitiva de f(x).

1

F'(X):f(x):m

Per trobar els maxims i minims relatius de F(x)
cal resoldre I'equacié F'(x) = 0. Es senzill ob-
servar que aquesta equacié no té solucié.
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16. Troba la primitiva de la funcié f{x) = —sin x
ecos x |a grafica de la qual talla I’eix d’abscis-

sesenx= E
X= 2 .
F(x)= J'—sin xe“Xdx =e“** +C
F(gj:0—>0:emz +C >0=1+C >C =1
F(x) = €% -1
17. Calcula:
a) [4x3 sin (x4 - 3) dx

J4x sin(x* - 3)dx = —cos(x*-3)+C
b d
) cos’x X
tgx 1 tgx
J' J'e ———dx =¥ +C
cos? x cos“x
Inx
) 4 dx
Inx Inx
j4 = fam lax -2 e
X In4
2x
dx
4 I1+x“

2x 2x
dx = [—==—dx =arctgx® +C
i I1+( 2y2 o

1+tg°x
e) j o dx

I1+tg X X =Inltgx|+C

/) litg? x + tg* x) dx

3
J'(tgzx +1g*x)dx = '[tg X(1+tg°x)dx = thX +C
3
= g +C
3

18. Calcula:
a) [(3x2-1) cos (x3 — x) dx

J'(3x2 —1)cos(x® - x)dx =sin(x*-x)+C

b)

j- 2x dx
v+ x?

2x A
dx = |2x (1+x?) 72dx =
e f
(”1" +C=21+x*+C
%
c) [3x2sin x3 dx

J.3x2 sinx3dx = —cosx*+C

X

dx

I

e*+9

eX
J‘eXJrQ

dx =In(e* +9)+C

dx

1
e
) I\/1 — x? arcsin x

1
J‘x/1—x2 dx —

arcsin x

J\/1 x? arcsin x

= In|arcsin x| +C

)

Icosfd = J'cos«/—

—dx = sm\/_ +C
2/x

2Jx

19. Determina les asimptotes de la funcio:

Fix) = -[(x :3)2 dx sabent que F(-2) =

F(x) = j(;dx = f(x+3)%dx =

X +3)°
(x+3) +Co -1 ‘C
-1 (x+3)
F(-2)=2— _13+C:2—>C:3
F(x) = -1 +3:—1+3x+9:3x+8
X+3 xX+3 X+3

X+3=0—>x=-3

Asimptota vertical: la recta x = -3

lim F(x) = lim >X+8
X0 X—0 X+3

=3

Asimptota horitzontal: la recta y = 3
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20. Calcula:
a) [(2x3-3x2+5x—-1)dx
j(zx3 ~3x2+5x—1)dx =

:lx4 CxP+2x7 x +C
2 2

2x+5 dx

b)

j2X+5dx= j E+§ 1 dx=gx+
7x 7 7 X 7

+§In|x|+C
7

c) (32 —et+1)dx

[(3* —e* +1)ax =

_[2In3 3% (x — j4-e‘“dx+jdx -

2In
2x
3 -—e* +x+C
" 2In3 4

5
—> _d
4 J.(Zx—1)2 X

I—(2x5—1)2 oy =2 jz-(zx —1)%dx =

5@ ._ 5
T2 22x 1)

e) (2x-3)(2x + 3) dx

j(zx ~3)(2x +3)dx = j(4x2 ~9)dx =

_A -9x +C
3

9
N J.7x+3 dx

J' 9 X == dx =
(7x+3) 7°7x+3

:gln|7x+3|+C
7

2) .‘-Zx -x2
j2x - x?

_J( X__j _

1,2
=—(x"-x)+C
3( )

21.

22.

23.

24.

5x*-3

J.72—de:lj.1:i X
5x° -3 10 '5x°-3

lln|5x2 —3|+C
10

Se sap que la grafica d’una funcié passa
pel punt P(1, 4) i que el pendent de la recta
tangent en qualsevol punt d’aquesta grafica
s’expressa mitjancant m(x) = 2x2 — 3x + 5.
Determina I’expressié algébrica d’aquesta
funcio.

F(x)= J'(2x2 -3x+5)dx = §x3—%x2+5x +C

Fly-4—>2-3.5,c-45c--1
32 6

F(x) _2ys Syeisx ]
3 2 6

Troba la primitiva de la funcié f(x) =
x~+/x* -1 que s’anul-la quan x = 2.

x)=Jx~\/x2—1dx=lj2x-(x2—1)%dx=
S e N TR
2
F(2)=0— — J_7+c o—>c-—3f-—f
x)——\/ -3

Calcula ftg2 x dx.

Et suggerim que apliquis I'’estratégia se-
giient:

tg2x=1+tg2x-1
Itgzxdx = j(tg X +1-1)dx =
= I(tgzx +1)dx — Idx =tgx +C

Calcula:
a) 5cos (3x —2) dx

j5cos(3x 2)d =—j3cos (3x —2)dx =

= gsin(3x ~2)+C
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1
b) st—12 dx

I x dx:lj 5 dx =
5x-12 575x-12
=lln|5x—12|+C
5

0) J-7S|n\/7

I?sin\/; 7-2 J-smf
3Wx 23x

=——cosvVx +C
3

x+1

dx

9 J.es—5

x+1

[ 5 o

dx =e © dx =
5 -5

e) I\/7x -6 dx

[VTx—6ax = 1]7 (7x—6) dx =

_R\32
TIX=8)" . c_2 f7x—6)y +C
7 3 21
2
3
dx
N ‘l.\/5x+8
3 3 -12
dx=—15-(5x+8) dx =
J‘\/5x+8 5-[ ( )
12
:%w+C:%\/SX+8+C
2
8) 1+ 4x?

7 7 2
———dx == |———=dx =
-[1+4x2 2 ~[1+(2x)2

= garct92x +C

5
h) |—— d.
)I\/1—9x2 X

dex _s IL"X -

J1-(3x)2

=—arcsin3x +C
3

i) [2x*1-x* dx

_[2x2 V1-x3%dx = —% _[—3x 1-x 3)Vzdx

3/2
= %-m—)dx+C——— (1-x%) +C

I\)\oo><

3
) [y d
D fiiooe &

J-%dx = E J.;zdx =
4 +100x 471+25x
= 31 dex :iarctg5x +C
4 571+ (5x) 20
25. Calcula:
a) [xsin xdx
f(x)=x—>f'(x)=1
g'(x)=sinx —» g(x) =—-cos x
_[x sinxdx = —-xcosx + jcosxdx =

=-xcosx+sinx+C

b) le>x sin x dx
Iezx -sin xdx

f(x)=e** »>f'(x)=2e*
g'(x) =sinx — g(x) = —cos x

je” sinxdx = —e?*cos x +2Ie X cos xdx
J'ezx cos xdx = e?sinx —2 Ie 2Xgin xdx

r(x)=e* ->r'(x) =2e*
s'(x) =cosx — s(x) =sinx

jezx sinxdx = -e®*cos x +
+2(e* sinxdx -2 Iezxsinxdx)
je” sinxdx = -e?*cos x +2e **sinx —
-4 _[ezx sin xdx

Iezx sin xdx +4Ie Zsinxdx =

= e”*(—cos x +2sin x)

5 J'ezx sinxdx = e*(-cos x +2sin x)

2x .
Iezx sinxdx = £ (—COS;( +2sinX) |
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c) lInxdx
f(x)=Inx >f'(x)= 1,
g'(x)=1->g(x) =x

1
'[Inxdx:xlnx— j;~xdx =XxInx - Idx =
=xInx-x+C=x(Inx-1)+C

d) IxInxdx
f(x)=Inx —>f‘(x):A
g'(x)=x>g(x)=X

2 2 2
lenxdx :X—Inx— 1-X—dx :X—Inx -
2 X 2
2 2
—ljxdx =X—Inx—1X—+C =
2 2 22

2
=X Inx—l +C
2 2

f(x)=x—>f'(x)=1
9'(x)=2" >g(x)=2,

e) [2xxdx

_[2Xxdx:x2——i— 2%dx =
In2 In2
:ﬁ_i.z__FC:z_ X—L +C
In2 In2 In2 In2 In2

/) Jarc sin x dx

Iarcsin xdx

f(x)=arcsinx — f'(x) =
1-x
9'(x)=1-9(x) =x

Iarcsin Xxdx = xarcsin x — _"—de =

N

. -2 .
= xarcsin x — jx (1= x%) "dx = xarcsin x +

X
1-

+% J'—Zx(1 —x? )_1/2dx = xarcsinx +

L 2\12
+%~%+C: xarcsinx +V1- x> +C

g) lx+2)e3xdx
f(x)=x+2—>f'(x)=1

9'(0)=e” > g(x) = Je”

1 1
X +2)edx = —(x +2)e® - |—e¥dx =
fix+2) S(x+2)e™ - [2

J‘SLde = Ix~3’xdx

f(x)=x—>f'(x)=1
g'(x)=3" > g(x)=—3"

In3
[x-37 k= X3 s [37dx =
In3 In3
X g _L.Lyx +C=
In3 In3 In3

_ (x+ij+c
3*In3 In3
i) (3x+2)cos xdx
I(3x +2)cos xdx

f(x)=3x+2—>f'(x)=3
g'(x) =cosx — g(x) =sinx

'[(3x +2)cos xdx =(3x +2)sin x —

-3 jsin xdx =(3x +2)sinx +3cosx +C

J) je—’: dx

-[e)z(x dx = Ix - ¥dx
fx)=x->f'(x)=1

g'(X)=e? >g(x)= —%e*“

Ix e dx = —%e’zx ‘X +% _[e’zxdx =

:—1ezx[x+1j+c = _2 (x +lj+C
2 2 26" 2

26. Ja has vist que, de vegades, cal aplicar en
més d’una ocasié el métode d’integracid
per parts. Et caldra fer-ho en el calcul de les
primitives segiients:

a) [x2 e5x dx
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jx2e5xdx
f(x)=x* - f'(x)=2x
9'(0) = e > g(x) - Ze”
Ixzesxdx = lxzef’x 2 fxe ix
5 5
1 1

_"xesxdx = 1xe5x A .[esxdx =—xe%-—e
5 5 5 25

r(x)=x->r'(x)=1

s'(x)=e* - s(x) = %e‘r’x

_[xz e®dx = 1x2 esx—g[lx esx—le 5*) +C

5\56 25

5
e (2542 ¢
5 5 25

b) [x3sin x dx
jx3 sin xdx
f(x)=x> > f'(x)=3x">
g'(x)=sinx —> g(x) = —cos x
jxs sinxdx = -x°cos x + 3Ix *cos xdx
Jx"' cos xdx = x*sinx —2.|.x sin xdx
r(x)=x>->r'(x)=2x
s'(x)=cos x — s(x) =sinx
_[x3 sinxdx = -x°cos x +
+3(x?sinx -2 jxsinxdx) =—x2cosx +
+3x° sinx—Bjxsin xadx
jx sinxdx = —xcosx + Icos xdx =

=—XCOS X +sinx
t(x)=x->t'(x)=1
n'(x)=sinx —» n(x) =-cos x

jx3 sinxdx = —x°cos x +3x *sinx +
+6xcos X —6sinx +C = (—x* +6Xx)cos X +
+(3x?-6)sinx+C
) lx2+4)-3xdx
ﬂx2+4y3nn
f(x)=x*+4 > f'(x)=2x

X

g'(x)=3" > g(x) = |:3

3 —i X -3 *dx
In3 In3

ﬂx2+4y3%U:4x2+4)

31 x x-3"

Ix~3xdx:x- ——— |3%dx = _
In3 In3 In3
1 3
In3 In3

r(x)=x-r'(x)=1

X

In3

f(x? +4)3%ax (ARt
In3

2 (x-3" 3"
- | - _|+C=
N3\ 1n3  (In3)?

_3 x2—ix+4+i2 +C
In3 In3 (In3)

d) [x2cos x dx

s'(x)=3" > s(x)=

Ixz cos xdx

f(x)=x*> > f'(x)=2x

g'(x)=cosx - g(x) =sinx
Ixz cos xdx = x%sinx -2 J'x sin xadx

jx sinxdx = —-xcos X + Icosxdx =

= —XCOS X + sinx

rx)=x—->r'(x)=1
§'(x)=sinx — s(x) = —cos x

sz cos xdx = x?sinx —2(—xcos x +sin x) +

+C = x®sinx + 2xcos x —2sinx +C
2
e) I:—x dx

J‘X_zd_ 274-x
> x—jx2 dx

f(x)=x*> >f'(x)=2x

-X

g'(x)=2" > g(x) =~

In2
2 -X
_[x22’xdx = i-ﬁ-i jx .27 %dx
In2 In2
Ix~2’xdx = X2 + ;dx =
In2 In2
X2 _LZ‘X
"~ In2  In2In2
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r(x)=x->r'(x)=1

S$'(x)= 27 > s(x) = —2
In2

2 -X
Ix22’xdx X2 +

In2

2 (-x-2% 1 27
+— - +C =
In2\ In2 In21In2
. x2+ix+i2 +C
2¥In2 In2 (In2)

N (1 -x2) 23xdx

j(1 - x2)2%dx

f(x)=1-x> > f'(x) = -2x

g'()=2" >g(x) = -2"

3In2°
1
1-x2)2%dx =(1-x2%) - ——23 4
f(1-x?) (1-x7 =
+ 2 _[x-23xdx
3In2
jx23de = X-LZM—LIZSde =
3In2 3In2
B X_23x ~ 23x
3In2  (3In2)
r(x)=x—->r'(x)=1
1
§'(x) =2 > s(x) =——=2*
(x) — s(x) 32
2 3x
J'(1_X2)23de _(=x7)27
3In2

2 X23x 23)(
+ - 5 [+C =
3In2| 3In2 (3In2)

3x
2 e X 2 ~+1[+C
3In2 3In2 (3In2)

27. a) Resol 'equacié F’(x) = 0 si F(x) = Jexx (2
+ x) dx.
F(x) = je*x(x +2)dx
F'(x)=e"x(x +2)

x=0

F'(x)=0 X 2)=0
(x) > ex(x+2) <x+2=0—>x:—2

Les solucions s6n x; =0 x, = -2

b) Calcula la primitiva de la funcio f{x) = ex
X (2 + x) la grafica de la qual passa per
I'origen de coordenades.

jeX(x2 +2x)dx =
f(x)= X2 +2x > F'(X) =2x +2 =2(x +1)
g'(x)=e*—>g(x)=e"
je*(x2 +2x)dx = (x2+2x)ex—2j(x +1)e tx
j(x+1)e*dx =(x+1)e* - jede =

=(x+1)e* -¢e*
r(x)=x+1-r'(x)=1
s'(x)=¢e* > s(x)=¢e"

F(x) = je*(x2 +2x)dx = (x2+2x)e* -
“2[(x +1)e* —e*]+C=x>-e*+2xe*-
-2xe* —-2e* +C =x%*"+C
F0)=0->0=0+C—>C=0—>

— F(x) = x%¢"
28. Calcula amb els canvis de variable indicats:

dx amb x = 4t

1
) ".\/16 -x?
]

;dx;x =4t — dx = 4dt
16 — x2

1

1 1
. . Adt= [—
I\/16—x2 V16 -16t2 '[ 1-t2

. X
=arcsint +C :arcstJrC

ax = dt

b) dxambVx-1=t

x
I\/x—1
Mx—1=tox-1=t2 5>x?>=t?+1->

> dx=2+dt

X t? +1 )
j—dx=j t 2tdt=2j(t +1)dt =
:2[§+t]+C:2{—“(X;1)3+\/X—1J+C:

=2 x—1(XT_1+1J:§\/X—1(x +2)
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29. Aplicant el canvi de variable sin x = t, calcu-
la:

lcos3 x dx
Si tens en compte la igualtat segiient:
cos3 x=cos2 x cos x=(1-sin2x) cos x

la pots calcular sense canvi de variable.

Fes-ho.
. at
sinx =t > dt =cosxdx —>dx =
cos X
3 3 dt 2
.[cos xdx = _[cos X = .[cos xdf =
CoS X

= j(1—sin2x)dt= j(1 t2)dt _t—§+C =

a2
sin xj+c
3

J'cos3 xdx = Jcosz Xxcos xdx =

. sin® x
=sinx —

+C :sinx(1 -

= j(1 —sin’ x)cos xdx :I(cos X —sin 2xcos x)dx =

3

. . 2
sinx—s”; X +C:sinx(1—sm3 XJ+C

30. Calcula la integral [ v1-x? dx utilitzant el
canvi de variable x = sin t o x = cos t. Arri-
baras a una integral del tipus:

lcos2 tdt o Jsin2 t dt
respectivament. Et caldra fer us de les iden-
titats trigonomeétriques:

1+ cos 2t 1- 2
cos2t=—— osin2t= At

2 2

X =sint - dx = cosfdt

Ix/1—x2dx - M—sinztcostdt = [cos *tdt =

_ I1+cos2tdt: J-[lJrcosthdt _t sin2t .
2 2 2

+C:£+23mtcost LC :L+smtcost LC -
2 4 2 2

= %(t+sintcost) +C :%(arcsin X +x\V1 -x?) +

+C

X =cost — dx = —sintdt

j\/1 —X%dx = —j\/1 —cos’t sintdt = —jsin 2ot =

:_I1—cos2tdt :_(t SmthJr
2 4

B _(L_ 2sintcost

= +C=l(—t+sintcost)+C
2 4 2

= —%(—arccosx +x\V1-x*)+C

31. La integral

Calcula-la.

Comprova que arribes al mateix resultat
aplicant-hi el canvi de variable x2+ 3 = t.

—j :—In(x +3)+C =
x2+3

=lnVx*+3+C

x2+3 =t dft = 2xdx

J.x +3

sz):_3dx_%j 2x d _l at 1

X dx = [T =Zint|+C =
X“+3 2t 2
1 1.2 1 . 2
:—In|x +3|+C:—In(x +3)+C =
2 2
=lnVx*+3+C
32. Calcula:

@) I 4x+4 dx

10 10
dx = dx =
J‘x2—4x+4 J‘(x—2)2

(x-2)"

:1oj(x—2)-2dx:10. +C=

10
x-2

+C

3x-2 A B
= +
x2-9 x+3 x-3

3x-2=A(x-3)+B(x +3)

x=3->7=B-6>B=7/6
X=-3->-11=A-(-6) > A=11/6

3 -2 16 7/6
J.x)z(—g -‘-xi3 -‘-x+dx
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11In|x+3|+—|n|x 3|+C

x*-3
<) Ix(x Nx+2) ™
A B C

x>-3
-1 x+2

X(X-1)(x+2) x

x2 =3 =A(Xx-1)(x+2)+Bx(x +2)+

+Cx(x - 1)
x=0->-3=A-(2)>A=3/2
x=1->-2=B-3—>A=-2/3
x=-2-5>1=C-6 >C=1/6

x>-3

324, 1208
Jx(x—1)(x+2) = Poder o

+I 16 dx :Eln|x|—gln|x—1|+
X + 2 3

+lln|x+2|+C
6

3 3 A B
x>-x x(x-1) x x-1

3=A(x-1)+Bx
x=0->3=A(-1>A=-3
x=1->3=B—->B=3

3 -3 3
-[x(x _1)dx = Ide + jﬁdx = -3In|x| +

x—13

+C

+C

+3In|x 1|+C 3in|X ="

1-2x
-6x2+11x-6

e) Ix3

x°—6x*+11x-6=0—>x,=1x,=2,x,=3

x® —6x? +11x -6 = (x = 1)(x —2)(x - 3)
A B N C

1-2x
+
xX-2 x-3

(x=N(x-2)(x-3)
1-2x = A(x -2)(x —=3) +B(x -1)(x -3) +

:x—1

+C(x -1)(x -2)

1
33. Calcula j'—
IYx +x

X=1->-1=A-2>A=-12
Xx=2->-3=B.(-1)—>B=3
x=3->-5=C.2>C=-5/2
I 1-2x

(x =N(x -2)(x -3)

—5/2 dx = —%In|x -1+

dx = j_1/21dx+

+IX 2dx+I

+3In|x—2|—gln|x—3|+C

x-3
—d.
N Ix2—6x+5 X
J‘ZX—3 dXle 22X—6 dx =
X -6x+5 2x°-6x+5

:1In|x2 —6x +5|+C

dx fent el canvi de varia-

ble x = te,
x =t% > dx = 6t°dt

N X = Y =X =t =83

1 1 t°

dx = 6t°dt =6 [———dt
j%+& jz‘2+f3 jt2+t3

1

3
=6jt—dt=6j 2 t+1-— |dt =
t+1 t+1

£t
:6[———+t—ln|t+1|j+c =
3 2

=2t -3t +6t - 6BInft +1|+C =
=22 -3¥x +6%x ~6In|¥x +1]+C
2 + 1

2 2—t+

-
+t2+

—t+1
-1

34. Calcula:

dx = J.(x +5+ 255jdx =
X_

5
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X2
—+5x+25|n|x—5|+C
2

x=5

25
b d.
) x?-2x X
3_ —
IX dx—J'(x+2+42X 4jdx:
-2X X =2X
—_[x+2)dx+2_[2x 2dx:

X2
:7+2x +2In|x2 —2x|+C

S_2x2 x+2
2%~ -4
X2 + 4x
4x -4

XE(x—12

~AX(X =1 +Bx(x 1) +Cx*(x 1)+ Dx *
x2(x =1)?

1= Ax(x =1 +B(x = 1)+ Cx?*(x - 1)+ Dx *

x=0->1=B->B=1

x=1->1=D->D=1

x=2-51=A-2+B+C-4+D-4 5A+2C=-2
x=-15>1=A-(-4)+B-4+C-(-2)+D - 2A —C:—Z}

A=2C=-2

Iﬁdx = J%dx + J'x’zdx + JX_—_21dx +

2 X—1
+ [(x 1) dx = 2In[x| - 2In|x -1 r

+(X 11) +C =2In

X - 1

x2+9

) Ix2—9dx
jx +9d —J(1+ 28 jdx=x+
x> -9 Xx“-9
1
+18 5 dx
X —
1 A B

(x+3)Xx-3) x+3 x-3

1=A(x-3)+B(x +3)
x=3->1=B-6 >B=1/6
x=-3->1=A-(6)>A=-16

_[); +§dx x+18UX1/6dx+_[1/6 j_

=x+3(In[x - 3|-In|x+3|)+ C =

3

+C

=x+In

X+

Acabem

1. Determina la funcié f(x) sabent que la fun-

Cidé F(x) = x2 ex + 2 n’és una primitiva.

f(x)=F'(x)=2x-e* +x*-e* = xe*(2 + x)

. Quina és la primitiva de la funci6 f(x) = 2x +

+ 5 que verifica la condicié F(1) =9? | la que
verifica F(3) = -3?

F(x)= J'(2x +5)dx =x*> +5x +C
F1)=9-59=1+5+C>C=3>

— F,(x)=x*+5x+3
F,'(3)=-35>3=9-154C >C =9 -
— F,(x)=x*+5x+9

. Dos companys obtenen resultats diferents

en el calcul de les primitives d’una mateixa
funcio. El primer obté:

fcos? 3x dx =X S':;x +C iel segon,
X sinbx

cos23xdx=—+ +C

! 2 12
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Indica raonadament quin dels dos ha arri-

x? -3x +1
bat a la resposta correcta. ) -[f dx

. . X sin6x .
El segon, ja que si F(x):§+ e +C', es IXZ _3):/;+1dx _ .[[x—3x1/2 +%jdx _
. . 1 1 1
compleix que F'(x) =§+50036x =§+ :%XZ —6\/;+In|x| .
+lcos(3x +3Xx) =1+1(cosz3x -sin?3x) = 1+ 2x + 3x2
2 2 2 d [=dx
4x
:1+1(200523x—1):1+cosz3x—1:c0523x 142X +3x2 1 11 3
2 2 2 2 I4—2dxzj(_xz+_,_+_jdxz
X 4 2 x 4
4. Troba I’expressié de la funcié F(x) la gra- = _ﬁ+%|n|x|+%x +C

fica de la qual passa pel punt (1, 1) sa-
bent que el pendent de la recta tangent
en qualsevol punt ve donat per la funcié
m(x) = 3x2 + 6x — 4.

e) (4 + tg2 x)dx

(4 +tgx)dx = [(3+1+tg3)dx =3x +
F(x) = I(sz +6x-4)dx =x*+3x?-4x+C

+tgx +C
F1)=1>1=1+3-4+C > C =1
F(x)=x®+3x*—4x +1 2-4x
N I 7 dx
. .. 5
5. Considera la funcié F(x) = -[(x—4)2 dx. J-2—4x dx — j(gl—ijdx :gln|x| —ix c
7x 7 7 7
Determina’n les asimptotes, sabent que
I ¢ 5 2 -5
F(x) = -[(x—4)2 dx =5 [(x -4) “dx = ~—a4'C 7. Calcula les integrals quasi immediates se-
giients:
5
F(O):—3—>—3:Z+C—>C=—17/4 a) jcosSxdx
Flx) = -5 17 -20-17x+68 17x +48 1 y
(X)_X_4_T_ 4x -16  4x -16 Icos5xdx:gj5cos5xdx :gsin5x +C
4x-16=0—>x=4
Asimptota vertical x = 4 b) j- 1
cos? x tgx
. -17
lim F(X) = T
X 2
I 21 dx = IVCOS Xax =Inltgx|+C
. -17 cos” xtgx tgx
Asimptota horitzonal y = e
c) J5sin% x cos x dx
6. Calcula: J.53in4 xcos xdx =sin’x +C
a) [(2x3-3x2-1)dx
2x+2
1 d) [or—ox
j(2x3—3x2—1)dx=5x4—x3—x +C 2 -13
2°+2 2" 4 2*.In2
-3 - 3x dx =4 dx =— |——dx =
b) [-3-3x+4cos x) dx IZX_13 fzx_13 In2 IZX_13
_3x+1 ) 4 X
[(-3-3* +4cos x)dx = +4sinx +C = —Inj2* -13|+C
In3 In2
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—dx—j3x 21+ 147 X =
X+7

-21x +147In|x +7|+C

f) Ix3sin (x4 -n) dx

J.XS -sin(x* —m)dx = % J'4x3 -sin(x *—n) =
——1-cos(x4 -7)
4

8. Calcula les integrals quasi immediates se-
glients:
a) [5t9x (1 + tg? x) dx

tgx
+C

'|‘5tgx(1 +tg®x)dx = 2
In5

) '[4\/1 x?

2

—  _dx=
'[4\/1 x*

112
- L u C:—%\/1—x3 o)

12 12

1_[—3x2(1—x3)'“dx =

) I 8x+16

j#dx:?j(x—qzdx: 7 _.c
X -8x+16 x-4
5008\/—
L
5cosf 1
x =10 cos\/;-—dx:
=10sinVx +C
2
e) j-(1+lnx) X
4x
2
delej(1+|nx)2.ldxz
4x 4 X

1 2
=—(1+I C
2( +Inx) +

Iizsinldx

X X
jizsinldx = cos1 +C
X X X

9. Troba la primitiva de la funcié:
etgx

f(x)=——
(x) 1-sin’ x

que verifica la condicié F(Ej =e.

e'% 1
F(x)= [———dx = |e¥ .- ———dx =e'¥ +C
(x) J1—sin2x -[ cos?x
F(gj:e—w:e@“+C—>e:e+C—>C:O

F(x) = 6"

10. Calcula per parts les integrals segiients:
a) [x2sin 3x dx
I x? sin3xdx
f(x)=x2— f'(x) =2x

g'(x)=sin3x > g(x) = —%cos3x
2 . 1 2 2
fx sin3xdx = ——x2cos3x + = Ixcos3xdx
3 3
fxcos3xdx = lx sin3x —l jsin3xdx =
3 3
1 . 1
=—xsin3x +—cos3x
3 9

r(x)=x->r'(x)=1

s'(x) =cos3x — s(x) :1sin3x
2 a; 1 2 2 .
Jx sin3xdx = _EX cos3x +§xsm3x +

+£cos x+C =
27

1 —x%cos3x +Exsin3x +Ecos3x +C
3 3 9

b) Icos (In x) dx
Jcos(ln x)dx

f(x)=cos(Inx) = f'(x) = —sin(In x) -

x|

9'(x)=1-9(x)=x
jcos(m x)dx = xcos(In x) + jsin(ln X)dx

J'sin(ln X)dx
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r(x) =sin(Inx) - r'(x) = —cos(In x) %

s'(x)=1- s(x) =x

jsin(ln x)dx = xsin(In x) — jcos(ln X)dx

Icos(ln x)dx = xcos(In x) + xsin(In x) —
—J'cos(ln X)dx

2 [cos(In x)dx = x [cos(In x) +sin(In x)]

X [cos(Inx) +sin(In x)] c

.[cos(ln Xx)dx = 5

c) Ix3Inxdx

4 4
Ix3 Inxdx = >—Inx A Ixsdx =X inx -
4 4 4

4 4
A X .c :X—(Inx—l +C
4 4 4
f(x)=(nx)—> f'(x) A
X

g'(x)=x* >g(x)=
d) le** cos 4x dx
J'e“x cos4xdx

F(x)= e —f'(x)=4e*

g'(x)=cosdx > g(x) = %sin4x

Ie“x cos4xdx = %e4xsin4x - Ie sindxdx =

J'e“x sin4xdx
r(x)=e* - r'(x) =4e*

s'(x) =sindx —> s(x) = —%cos4x
Ie“x sindxdx = —%e4xcos4x + je “*cos 4 xdx
1

J'e‘“ cos4xdx = Ze“ sin4dx +%e ““cos4dx —

—Ie‘” cos 4 xdx
2_|'e‘“ cos4xdx = %e4x(sin4x +cos4x)

J'e‘” cos4xdx = %e (sindx +cos4x) +C

e) J(x-1)5<dx
j(x—1)5*dx
f(x)=x-1>f'(x)=1
1

g'(x)=5" —>Q(X)=E5X

fox -1 cx LIV SO S
In5 In5
- i(x_1)5x _L.iy -
In5 In5 In5

= S x—1—i +C
In5 In5

N In2 x dx

J'In2 xdx = xIn®x —2_"Inxdx

f(x)=In*x > f'(x) =2Inxl
X

g'(x)=1->9(x) =x
J'Inxdx =xlnx - Idx =xInx —x
r(x)=Inx - r'(x) =1
X
s'(x)=1->8(x)=x
_[Inz xdx = xIn?x —2(xInx —x)+C =

=x(In>x-2Inx+2)+C

11. Comprova que:
x2—2x—-1)exdx=(x2—4x+3)ex+ C
[(x* —2x—1)e"dx = (x*~4x +3)e* +C
[(x* -4x+3)e" +C|'=(2x - 4)e” +
+(x*-4x+3)-e =(2x-4+x*-4x+3)e* =

=(x*-2x-1)e*

12. Calcula les integrals segiients, fent Gs en
cada cas del canvi de variable indicat:

a) I\/4—x2 dx, x=2sint
j\/4—x2dx

X =2sint - dx = 2cos tat

j\/4 —x%dx = j\/4 —4sin?t 2costdt =

= 4 [cos? tdt = 4 1+c—g’szﬂﬁ -

4 1+c032t dt -4 L+sm2t LC -
2 2 2 4

=2t+sin2t+C :2arcsin%+g 4 -x?+C
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9+x
x =3t - dx = 3dt

JL-Bdt = j%dt =arctgt +C =
+ 1+t

9+9¢t?
X
=arctg—+C
g3
JIx

C) Iﬁ dx, \/;=t
[P

x -1

JX =t >dt = dx - dx = 2Jxat =2t
24x

2
Iﬁ-tht =2 %dt

L—']_FL
t? -1 t? -1

j—dt— j[ 1_1}/t=t+jt%dt

1 A B At +1)+B(t-1)
2 =T a7 = 2
t“-1 t-1 t+1 t=-1
1=A(t+1)+B(t -1)
t=1>1=A-2>A=12
t=-1>1=B-(-2) >B=-1/2

t-1

t+1
t-1

—1|+C =
J

+

Itzt_1~d :—In|t 1|——In|t+1| —In

—.dx =2t
x -1

Jx ( +%In

Jx -1

=2/x +In +
«/;+1

2 -1

f
2.2

+1

d) [—2_ dx, x=6t
36 — x?

6dt =

I\/36—36t2
X = 6t — dx = 6dt

J- 12 dx —
/36 — x?

=12 —dt_12J’Ldt —12arcsint +

BV1-t? V1-t?

+C = 12arcsin%+C

13. Calcula la integral I dx mitjangant

7
4 +9x?
el canvi de variable x =Et. Aquesta inte-

gral, pero, es quasi immediata. Calcula-la
també sense fer canvi de variable.

7 7 1
J4+9x2x:ZJ 3

X+2
x -1
la grafica de la qual passa pel punt (2, 2).

F - o 1o -

=x+3|n|x—1|+C
F(2)=2

14. Troba la primitiva de la funcié f(x) =

2=2+3In1+C—>C=0
F(x)=x+3In|x -1

+2 x-1
+1 1
3

15. Calcula les integrals segiients:

2
a) Isz—x_dx
2x° -2
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2 2
I%dx:éjz—dx:gj[‘u 21 }x
2x° -2 27x%-1 2 x -1

1 A B
= +
x>-1 x-1 x+1
1=A(x +1)+B(x -1)
x=1->1=A-2>A=1/2
x=-1-51=B-(2) >B=-1/2

EJ1+ L x:g x+lln—_
x> -1 2 2

2x2 -2
2+5

b) .’.x24x—_3dx

-10x + 25
4x -3 4x -3 -17 +17
.[ 2 :.[ 2 dx =
x“-10x+25 x“-10x +25
J 4x 20 1 i =
10x+25 ( -5)?

j 2" 10 +17j(x 5) “dx =

- 2|n|x2 —10x+25|— X1_75 +C

x -1
c d.
) J.x3’+2x2—4x—8x

x-1
I 3 5 ax
X" +2x°—-4x-8

3 2 [ Xx=2 (simple)
X +2x —4x—8—0<X:_2 (doble)
x -1 A B C
= + + .
xX*+2x*-4x-8 x-2 x+2 (x+2)°
X-1=A(x+2)*+B(x-2)(x+2)+C(x -2)
x=2->1=A-16 > A=116
x=-2->-3=C-(4)—>C=3/4
X=0->-1=A-4+B-(-4)+C-(-2)

—1:1—4B—§—>—4:‘I—168—6—>
4 2
- B=-1/16

x -1
-[x3+2x2—4x—8dx__|n|x 2-
Lopeea -3t ooy

——In|x+2|——-
16 4 x+2 16

X+2

X—-2 B

2
X - J.[1+_3L_1}x =

x2 +4x x2+4x

=X+ #Adx
X +4x

-4x-1 A B
=—+
x2+4x x x+4
-4x-1=A(x+4)+Bx
x=0>-1=A-4>A=-1/4
x=-4->15=B-(-4)>B=-15/4

2
J.X il x:x—lln|x|—1—5In|x+4|+C
4 4

x2 +4x
x9 -1 X2 + 4x
—4x 1
—4x -1

e) IZ;dx
(X =x)(x+7)

1A, B
x(x-1N(x+7) X X+4
1=A(x -1)(x +7)+Bx(x +7) +Cx(x —1)
x=0->1=A-(-7)>A=-17
x=1->1=B-8 >A=1/8
x=-7->1=C-56 - C =1/56

5-3x
S =SX
N I3x-1 X

I%dx = —lln|x| +1In|x -1+
(x*=x)(x+7) 8

+iln|x+7| +C
56

+iln|3x - 1| +C
3

-3X+5 3x -1

—px-1 -1
4

16. Calcula [sin2 x dx i Jcos? x dx a partir de les
igualtats segiients:
sin2 x + cos? x = 1i cos 2x = cos? x — sin2 x
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sin® x +cos?x =1 2X:1+coszx_
—sin® x +cos® x =cos2x 2
., 1-sin®x
sin?x = ————
2
Icos xalx = I1+cost " 1 sm2x “C
jsm xalx — J1 cost 1 _sin2x LC

2

17. Troba una primitiva de la funcio segiient:

2x +1
x?+4

f(x) =

Suggeriment: descompon la fraccié en su-
ma de dues fraccions del mateix denomina-
dor i fixa’t en el canvi de variable utilitzat en

I'exercici 13.
2x +1 2x 1
Ix2+4dX= Ix2+4dx+jx2+4dx B
—In(x? +4)+1-2j1/—fdx —In(x2+4) +
4 Y(x/2) +1

+1arctg£+C
2 2

Com que ens demanen una primitiva, fem, per
exemple, C=0.

18. Un mobil es desplaga sobre I’eix OX de ma-
nera que la seva acceleracié ve donada per
I’equacio segiient:

a=2t+ 1 mls?

Si per a t=0 es verifica v(0) = -2 m/s i x(0) =
10 m, troba les expressions de les funcions
velocitat v = v(t) i posicié x = x(t) correspo-
nents a aquest mobil.

V= J'(2t+1)dx:t2+t+C
v(0)=—2->C=-

:t2+t—2m
£t

X = j(t2+t—2)dx =~ +—-2t+C'
3 2
x(0)=10 - C' =10

X :1t3 +lt2—2t+10 (m)
3 2

19. Un mobil descriu un moviment vibratori
harmonic simple I’acceleracioé del qual s’ex-
pressa per I’equacié a = -36 cos 3t cm/s2.

Si a I'instant inicial es verifica v(0) = 0 cm/s
i x(0) = 4 cm, troba les expressions de les

funcions velocitat v = v(t) i posicié x = x({)
d’aquest mobil.

V= j—36cos3tdt = —12j3cosstdt =
=-12sin3t+C

v(0)=0—>C=0->v =-12sin3t| <"
S

X = j_1zsin3tdt - 4j—3sin3tdt =4cos3t+C'

x(0)=4>4=4+C'>C'=0
X =4cos3t (cm)

20. Calcula j%
X +1++/x-

Indicacio: multiplica primer numerador i de-
nominador per I’expressiéo conjugada del
denominador.

1 1

Ix+1++/x -1 :\/X+1+\/X—1'
Ax+1-Vx-1_ Jx+1-x -1
Soddx1 2

j#:%j(\/xm ~Jx Aydx =

1

I I
2 2

=%|:\/(X+1)3 —\/(x—1)3J+C

21. Calcula _[—
1-sinx

Indicacié: multiplica primer numerador i de-
nominador per 1 + sin x.

1 1 1+smx _1-sinx
T-sinx 1-sinx 1+sinx _ cos’x
I 1 i — I( + Sin X }X:
1-sinx cos?x cos’x
1
= tgx + +C
X

22. Troba la primitiva de la funcio

-1
(x-2)*

f(x)=
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la grafica de la qual té per asimptota horit-
zontal larectay = 2.

j(x :12)2 dx = j—(x —2)2dx = 5 +C

lim 1 +C|=25C=2> +2 =
X X_2 2

23. Calcula les integrals segiients:
a) J(tgs x + tg? x) dx

I(tg5x +tg"x)dx = thsx(1 +tg%)dx =

6
:l:g_X+C
6

dx
) '[ Jx cos?x

dx =

J- dx _ 2J 1 ) 1
Jx cos? Jx 2Jx cos?x
= 2tgx/;+C

1
o | (XN + 5x1 6)°F

1
j(x —1)(x®> +5x +6)

= I 1 ax
(x =D(x +2)(x +3)

1=A(x+2)(x +3)+B(x —1)(x +3) +
+C(x =1)(x +2)
x=1->1=A12 > A =112
x=-2->1=A-(-3)>B=-13
x=-3->1=C-4>C=1/4

j L dx:lln|x—1|—
(X-N(x+2)(x+3) 2

—lln|x+2|+1ln|x+3|+C
3 4

3X
D g
3* 1 3%In3 arctg3”
S ax= L 3ims
1+3x*  In311(3%) In3

e) j' dx

5 dx
cos” x(1+2tgx)

2. 1
dx _lj cos” X 4y _

I cos’(1+2tgx) 27 1+2tgx

1
= Eln|1 +2tgx|+C

4
J oo

x* ) 1
—d2 X = || x* -1+ 5 X =
1+ x X +1

X3
=?—x+arctgx +C

X2 + 1

X2 —1

N

g) Jcos x ¥7 + sin xdx
jcos x¥7 +sinxdx = Icos X(7 +sin x)"%dx =

. 6/5
:Qi%?ﬁ_+c:%%7;%;F+C

5
/arcsinx

arcsin x . 1
,/ dx = [(arcsinx)"? . ———dx =
J. 1- x?2 .[( ) /1 — X2

Y
:%wzgmw
2

24. Determina la primitiva de la funcié

la grafica de la qual conté el punt (4, 0).
Anomena F(x) aquesta funcid i calcula Iirg

F(x)i Iir?_ F(x).
Dibuixa de manera aproximada la grafica de
la funcié F(x).

Fx)= |
F(4)=0-0=2In1+C >C =0
F(x)=2In|x -3| =In(x -3)?

lim F(x) = lim F(x) = —oo
X—o X—3"

2

dx =2In|x —3| +C
3
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Fig. 5.3

25. Troba I’expressio algébrica de la funcié F(x)

que verifica les condicions segiients:
a) F'(x)=2x-6
F(x)= j(2x—6)dx =x>-6x+C

b) La grafica de la funcié F(x) presenta un
minim en el punt d’ordenada —1.
Minim - F'(x)=0 »2x -6 =0 > x =3
F3)=-1-5-1=9-18+C —>C =8
F(x)=x*>-6x+8

26. Aplicant el métode d’integracio per parts,

calcula Jcos? x dx.

Cal que tinguis en compte que cos? x = cos
x cos x i que sin2 x =1 - cos2 x. Compara el
resultat amb el que has obtingut a I’exercici
16.

J'cos2 xdx = _[cosx -Cos xdXx
f(x)=cosx —>f'(x)=-sinx
g'(x)=cosx - g(x) =sinx
.fcosz xdx = sincos x +Isin Zxdx =sincos x +
= I(1 —cos?® x)dx =sin Xcos X + X — jcos % xdx
2 Icosz xdx = X +sinxcos x

X sinxcosx
J‘cos2 xadx :5+T+C =

:£+S|nxcosx LC :£+sm2x ‘C
2 4 2 4
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